Recently an expansion as a power series in 1/d has been presented for the specific entropy of a complete dimer covering of a d-dimensional hypercubic lattice. This paper extends from 3 to 10 the number of terms known in the series. Likewise an expansion for the entropy, dependent on the dimer-density p, of a monomer-dimer system, involving a sum k a k (d)p k , has been recently offered. We herein extend the number of the known expansion coefficients from 6 to 20 for the hypercubic lattices of general dimension d and from 6 to 24 for the hyper-cubic lattices of dimensions d < 5. We show that this extension can lead to accurate numerical estimates of the p-dependent entropy for lattices with dimension d > 2. The computations of this paper have led us to make the following marvelous conjecture: In the case of the hyper-cubic lattices, all the expansion coefficients, a k (d), are positive! This paper results from a simple melding of two disparate research programs: one computing to high orders the Mayer series coefficients of a dimer gas, the other studying the development of entropy from these coefficients. An effort is made to make this paper self-contained by including a review of the earlier works.
I. INTRODUCTION AND RESULTS
The dimer problem arose in a thermodynamic study of diatomic molecules and was abstracted into one of the most basic and natural problems in both statistical mechanics [1] [2] [3] and combinatorial mathematics 4 . In more recent years, dimers found interesting applications also in information 5 and string theories 6, 7 . Given a hyper-simple-cubic (hsc) lattice with number of sites N in d dimensions, the dimer problem loosely speaking is to count the number of different ways dimers (dominoes) may be laid down in the lattice (without overlapping) to completely cover it. Each dimer covers two nearest neighbor vertices. It is known 8 that the number of such coverings is roughly exp(λ d N) for some constant λ d as N goes to infinity. In 1980 H. Minc 9 gave a proof of the asymptotic relation (asymptotic as d → ∞)
In a series of papers [10] [11] [12] [13] , one of the authors, P.F., found a mathematical argument for a full asymptotic expansion
and computed the first three terms in the Table I also making the conjecture that no further terms would be computed. He was very wrong! One of the results of the present paper is the set of coefficients from c 4 to c 10 reported in Table I . Viewing the sequence of c i , we are certainly led to expect the sum in Eq.(2) to be asymptotic and not convergent.
If we consider covering by dimers of a fraction of the vertices denoted here by p = 2ρ (where ρ is the dimer density per site and the vertices not covered by dimers are considered covered by monomers(checkers)) and as above study the number of such coverings, we arrive similarly at a function λ d (p) where
Another common notation for λ d ish d . One also studies
For λ d (p) Friedland et al. 5, 14 proved the asymptotic relation (asymptotic as d → ∞)
Both this equation and Eq.(1) may be viewed as the mean field approximations for the respective quantities. This was first mentioned in Ref. [13] and is briefly discussed at the end of Section III. By a similar development to that in Ref. [13] one of the authors, P.F. and Friedland 15 argued for an expansion
where, setting x(d) = Table II . In Ref. [15] it was conjectured that the series in Eq.(6) is convergent for 0 ≤ p ≤ 1. Author P.F. in fact proved 16 that this series converges for small enough p. Using also: i) the result by Heilmann iii) the theorem that, for an analytic function represented in a vicinity of the origin by a power series with positive coefficients, one among the singularities nearest to the origin lies on the positive real axis, we can extend the analyticity domain of k a k (d)p k to a disk of radius R < 1. The convergence of this series also at p = 1 is then a trivial consequence of the positivity conjecture for the coefficients a k (d) and of the upper bound
. In this paper we assume the validity of the positivity conjecture, from which the convergence of the series k a k (d)p k for 0 ≤ p ≤ 1 follows. Since for any r, the partial sums
k are positive for integer values of d, the expansion Eq.(6) gives good approximations of λ d (1) also in low dimensions, unlike the expansion Eq.(2), which is numerically useful only for sufficiently large d.
In the Appendix we shall further discuss the positivity conjecture, while Section IV is devoted to the numerical approximations.
It is interesting to point out some results of historic importance for the dimer problem. The exact value of λ 2 calculated by M.E. Fisher 1 and P.W. Kasteleyn 2 is given by the closed form expression
with G Catalan's constant. The technique used in the proof of this relation had great influence in the field of exactly soluble models. The one-dimensional problem has an even more complete solution
so that λ 1 (1) ≡h 1 = 0 and h 1 = ln
. Notice that in this simple case, all the a k (1) are positive and rapidly vanishing as k → ∞, so that the series converges for 0 ≤ p ≤ 1.
Let us turn for the moment to consideration of a dimer gas on our d -dimensional lattice. The gas of dimers is taken as a "hard body" system. Between each two dimers there is a potential energy 0 if the dimers are disjoint and +∞ if they overlap. For this gas we are interested into the coefficients of the Mayer series
.. Both the formalism in Ref. [13] used to derive Eq.(2) and the formalism in Ref. [15] used to derive Eq.(6) take as inputs the b i (d) and have as outputs the c i of Table I and the a k (d). Author P.F. did not have as good an algorithm for computing to high orders the b i (d) as in Ref. [19] [20] [21] and was not aware of the already existing lower-order expansions [22] [23] [24] for small lattice dimensions. This explains the many additional terms computed in Eq. (2) and Eq.(6) when the computations of Ref. [21] were used as inputs. In Sect.II, the technique used in Ref. [20, 21] In Sect.III the machines in Refs. [13] and [15] to calculate the c i and a k (d) respectively, are discussed. But they are too technical to get deeply into all of the theory. Recently, in fact within the past year, P.F. found another route from the b i (d) to expansions for λ d (p), simple enough for us to completely describe it in this paper 25 . We close this Section by specializing 26 the expansion in Eq.(6) to d = 2, to see what such an expansion looks like 
of which the first 23 integers are known from the calculations of this paper. It is very natural to try to find a pattern in the successive terms of this sequence so that a closed form expression for λ 2 (p) be realized, recalling that it exists for λ 2 ≡ λ 2 (1). Recently, we came across an early paper by Rushbrooke, Scoins and Wakefield [27] computing by a somewhat different method the first six coefficients in Eq. (6) for the square and the diamond lattices and the first five for other three-dimensional lattices.
The rest of the paper is organized as follows. In Section II we recall how the Mayer expansion for the dimer problem is related to the high-temperature(HT) low-field expansion of an Ising system. Section III sketches how the expansion of Eq. (6) is derived from the Mayer series. In Section IV we show how simply the expansion Eq.(6) can lead to accurate estimates of the p-dependent entropy λ d (p). The Appendix contains additional comments on the positivity conjecture and lists the coefficients appearing in some generalizations of Eq.(6) to lattices other than the hsc. We have included in the Appendix a last subsection on the graphical expansion procedure for the Ising model, that completes the exposition of Section II.
II. DIMERS AND THE ISING MODEL
It has long been known 1, 2, 22, 23 that the number of ways to place s hard dimers onto a lattice can be evaluated by computing, to the same order s and on the same lattice, the HT and low-field series expansion of the free-energy of a spin-1/2 Ising model in the presence of a uniform magnetic field.
The dimer combinatorial problem can be simply formulated in the language of statistical mechanics. A set of dimers on a N-site lattice (N even) is described as a lattice-gas of molecules occupying nearest-neighbor sites, subject to a non-overlap constraint, in terms of a macro-canonical partition function
Due to the non-overlap constraint, Z s , the canonical partition function for a fixed number s of dimers, simply counts the allowed dimer configurations, so that g N (s) is precisely the number of ways of placing s dimers over the links of the lattice, and z = exp (βµ) is the dimer activity. The chemical potential µ, namely the energy cost of adding one more dimer to the system, is zero whenever there is room on the lattice for adding one more dimer and infinite otherwise. Therefore the value of β = 1/k B T with T the temperature and k B the Boltzmann constant, is irrelevant and can be fixed to unity. Thus z = 1 is the value of the activity describing the combinatorics of a monomer-dimer system i.e. of a dimer system that does not cover completely the lattice, while z = ∞ describes the complete coverings. In the N → ∞ (thermodynamical) limit one gets
from which a "pressure" (or macro-canonical potential) can be defined in the usual way
since β = 1. The dimer density per site ρ is expressed in terms of the pressure by
The series for ρ(z) can be inverted to get z as a power series in the density and by substituting z = z(ρ) in Eq. (13), P can be expressed as a power series in the density ρ, thus obtaining the virial expansion. Eqs. (13) and (14) are called the Mayer expansions of the dimer lattice-gas. The specific entropy s d (p) of a dimer system of density ρ in d dimensions is
where the last expression arises by setting z = z(p), and ρ = p/2, and observing that on the hsc lattices z = p 2d
This structure was further specified in Ref. [5, 14] , as indicated in Eq. (6) . One can also easily check that changing the variable from z to p, the point z = 1 corresponds to a stationary point of the entropy with respect to p, thus linking the definition given above of h d in terms of λ d (p) with the definition used in Ref. [19] as P (z)| z=1 . We now couple the relation Eq.(15) with the expansions above for P (p) and z(p). We write
and then get from Eq. (15) and (17) 
using b 1 = d. Referring to Eq.(6) we may put Eq. (19) in the form
where the a k (d) are suitably determined from the Mayer series coefficients in a straightforward manner. The Mayer coefficients for the dimer system b s (d) on a d-dimensional lattice are simply obtained from the HT expansion of the free-energy for the Ising model. To illustrate the relationship between the Ising and the dimer problems, recall the "primitive" 
Ising model on a lattice of N sites. Here β = 1/k B T denotes the inverse temperature and h = βH with H the uniform external magnetic field. The expansion coefficient γ N (2s, s) counts all possible lattice configurations of graphs represented by precisely s disconnected edges placed onto disjoint links of the lattice and therefore coincides with the quantity g N (s) in Eq. (12) . The procedure of forming the specific free-energy f N (β, h) = 1 N lnZ N , and then taking the thermodynamical limit, exactly parallels 23 the procedure leading to Eq. (13), so that one concludes that from the expansion
Let us now recall that recently a significant extension, of the HT series for several models in the Ising universality class, including the conventional spin-1/2 model, has been obtained for a sequence of bipartite lattices, in particular the hsc lattices of spatial dimension 1 ≤ d ≤ 10 and the hyper-body-centered-cubic (hbcc) lattices of any dimension. In the case of the hbcc lattice, this is true at least in principle, because the lattice dimension enters only in the power of the embedding number (see below), and thus the computation time increases very slowly with the dimension; so far we have only performed the computations for d ≤ 7. It is also convenient, at this point, to give some simple details on these calculations. It is most convenient to refer 20, 21 to the classical linked-cluster method 29 of graphical expansion. At each order l of HT expansion, the series coefficients are expressed as the sum of an appropriate class of l-edge graphs. Each graph contributes a ratio of two integers: the "free-embedding-number" and the symmetry-number of the graph, times a product of "bare vertex-functions" associated to the vertices of the graph and depending on the magnetic field. The embedding-number counts the number of distinct ways (per site of the underlying lattice) in which the graph can be placed onto the lattice, with each vertex assigned to a site and each edge to a link. This number depends on the topology of the graph and on the dimension d of the lattice. The important property is that, in the case of the hsc lattices (but not for the hbcc lattices!), for a generic graph with l edges, the embedding-number is a polynomial in d of degree l at most. The symmetry-number counts the automorphisms of the graph and depends only on the topology of the graph. The great advantage of the linked-cluster method comes from the recognition that the huge variety of graphs that contribute at relatively high orders of expansion to the computation of a physical quantity, e.g. the magnetization, can be obtained by combining simpler graphs in a smaller class 29 , thus making possible to trade the computational complexity for algebraic complexity.
From the field-dependent free-energy, one can compute all its field-derivatives usually called (higher) susceptibilities. It is clear at this point that, on the hsc lattices, the computation of these quantities through the 10th order, can be extended to a generic d. It is sufficient to perform a simple interpolation of the series coefficients using the computation on a sequence of hsc lattices of dimensions 1 ≤ d ≤ 10 and basing on the fact that the lth order expansion coefficient is a simple polynomial 30 of degree l in d (with zero constant term). Actually much more than this can be done. One can observe 21 that the knowledge of the free-energy gives access to the HT expansions of the successive derivatives of the magnetic field with respect to the magnetization ∂ 2p+1 h/∂M 2p+1 , for p = 0, 1... and that these quantities are expressed only in terms of connected graphs having no articulation-vertex, i.e. no vertex whose deletion would disconnect the graph. What is decisive for our aims is the fact that the embedding-number onto a hsc lattice of an l-edge graph in this particular class is a polynomial in d of degree ⌊l/2⌋ at most 30 . Here ⌊l/2⌋ denotes the integer part of l/2. Therefore, in spite of the fact that the HT expansion coefficients of the (higher)-susceptibilities at order l are polynomials in d of degree l, the susceptibilities can be simply expressed in terms of the successive derivatives of the magnetic field with respect to the magnetization which, at the same expansion order, are polynomials in d of degree ⌊l/2⌋ only. Thus, one can conclude that the exact dependence on d of the HT coefficients of the higher susceptibilities can actually be determined up to order 20, using only data for a sequence of hsc lattices of dimensions 1 ≤ d ≤ 10, by an interpolation in d of the series coefficients.
Let us finally stress that the elements of the coefficients matrix f 2m,l (d) of the HT and low-field expansion for the free-energy of the spin-1/2 Ising model can be linearly expressed in terms of the expansion coefficients of the susceptibilities and therefore they also are polynomials in d of degree l. This property holds in particular for the Mayer coefficients b s (d) = f 2s,s (d) of the dimer gas. From Eq.(16) it follows that dλ d dp can also be determined to the order 20 for all d.
More details concerning the graphical expansion procedure can be found in Subsect. C of the Appendix.
III. DERIVATION OF EXPANSIONS
As mentioned in the introduction, we have a second route for deriving λ d 
where
The symbol | with the subscript j indicates the jth coefficient in the formal power series in x. TheJ r are determined from theJ L r by taking L to infinity. We may also inductively go from theJ i to the b i by the same formulae.
This set of relations was first implicitly used in Ref. [13] , but not explicitly written down there. Just as the b i (d) are the cluster expansion coefficients of a dimer gas, theJ i (d) are the cluster expansion coefficients of a certain polymer gas 13 and these coefficients of the two gases are related by the development surrounding eqs. (21) and (22) . This is a clean calculation that requires no hard proof. TheJ i (d) can be proved 11 to be of the form
with r ≥ s/2. Whereas our first development was basically for each d individually, we will see as with this last equation that the dependence on d is in the nitty-gritty of this second development. So far all the results dealt with in this section have been true and rigorously proven. We now turn to the further development, certainly true, but for which we do not yet have a rigorous proof. We work for a given d and take as known theJ i (d) (which as above could be calculated from the b i (d)). We then compute α i (d) by iterations, from α i = 0, of
In iterating, we take the mapping from the right side of the equation to the left side of the equation to be a mapping of formal power series in p. It is proven in Ref. [16] that there is an m > 0 such that each of the sequences of formal power series converges to a convergent power series of radius of convergence ≥ m. (Even if the power series in λ d (p), see Eq.(6), has a radius of convergence ≥ 1, as we assume, we do not know if m can be picked to be 1.)
Q 2 may be developed as a power series in p
where a k (d) is a polynomial in powers of
with powers satisfying k/2 ≤ r < k (as the powers in Eq. (23)), see Refs. [15] or [16] . So for example if we know a k (d) for k ≤ 20 and d ≤ 10, then we can deduce a k (d) for k ≤ 20 and all d. To determine a k only the values of a k (d), d = 1, .., ⌊k/2⌋ are needed, the remaining 10 − ⌊k/2⌋ values were used to give consistency checks for each k < 20. This is a consistency check on both the computation of the b i (d) and of the theory, since as we mentioned above the development of Eq. (24) (p) and λ d expansions) , we recommend to the reader starting by reading Ref. [13] , a three page paper, or Section 5 of Ref. [15] . We now give a slightly hand waving capsule summary of the introductory portion of this theory up to the derivation of the mean field formulae Eq. (1) and (5) above.
We work on a periodic d-dimensional lattice with number of sites N. A "difunction" is a translation invariant periodic function on pairs of distinct vertices. We associate to dimers the difunction f , that is 1 if the pair of vertices are nearest neighbors and 0 otherwise. We call a sequence X 1 , X 2 , .... of pN distinct vertices a "p-sequence". We let denote the sum over all p-sequences. We note that the number of distinct dimer coverings that cover a fraction p of the vertices can be represented as
The numerical factors before the sum divide by the number of different p-sequences that correspond to the same choice of dimers. The sum is over
We let f 0 be the difunction of constant value (
). f and f 0 have the same "normalization" in the sense that, if one fixes its first component and sums over the second, one gets the same answer for both functions. Replacing f in Eq.(29) by f 0 and using the Stirling formula gives the mean field answer exp λ mf N for the number of our dimer covers, where λ mf is as in Eq. (5). We write
Expansions in powers of V may be converted into the expansions of this paper.
IV. NUMERICAL ESTIMATES
It is interesting at this point to get some feeling about the accuracy of the estimates of The computation of h d requires only a quite short comment. Unsurprisingly, the sequences of truncated expansions r k=2 a k (d)p k evaluated for p < 1 show a faster convergence than for p = 1. The estimates of h d thus obtained agree well, within their uncertainties, with those already listed in Table VII of Ref. [19] which have been obtained resumming via Padé approximants the expansion of P (z) for z = 1. Therefore the reader is referred to this source.
A. Series expansion for h d for d large
As d goes to infinity, h d tends toh d . One can compute the rate with which the former approaches the latter by performing an expansion in
To compute h d one looks for a stationary point of Eq.(6). Putting y = 1/ √ 2d, the stationarity equation can be written as
This equation can be solved for large d. Knowing a k up to k = 20, one can solve iteratively the equation up to the order y 42 . Here we shall report only the first few terms 
Substituting Eq. (33) into Eq.(6) to get h d , and p = 1 into Eq.(6) to geth d , one finds
in which we wrote only the first three terms out of the 40 terms we computed. 
V. APPENDIX
A. The conjecture that the coefficients a k are positive in the case of the hsc lattices
We proved that the coefficients a k (d) are positive integers for k ≤ 20 and d ≥ 1 by locating in the complex d-plane their real roots, and counting the complex ones to make sure that none is missing. It is interesting to note that for 1 < d < 2 or for 2 < d < 3 the a k (d) can be negative, and that there are roots approaching 1 and 2 as k gets large. As we have already (1) obtained in Ref. [19] by Padé approximants. For d ≥ 3 these lower bounds reproduce within the error the Padé estimates of Ref. [19] .
B. Generalization of the positivity conjecture to other bipartite lattices
There is some evidence that the positivity conjecture can be extended to other bipartite lattices. Let us recall what is known on other lattices. λ d has been computed from the Mayer coefficients b n on other lattices using the formula
with q the lattice coordination number. The notation a k = q 2
extends that used for the hyper-cubic case.
From Eq. (16) and Eq. (38) it follows that
corresponding to Eqs. (9, 21) in Ref. [27] , in which the first few coefficients for the square lattice and for some of the lattices discussed below were computed. Let us now report the available data for other bipartite lattices.
In the case of the tetrahedral lattice (q = 4), taking the Mayer coefficients b n from Ref. [23, 24] we obtain the following set of coefficients C k 1, 1 In the case of the hbcc lattices, the b n for n ≤ 24 have been computed in Ref. [19] for d = 3, 4, 5, 6, 7. The coefficients C k computed from them are all positive. In Table V, For the hexagonal lattice 38 with q = 3, the coefficients C k are 1, 1, 1, 1, 11, 85 Let us now turn to the case of non-bipartite lattices. For the triangular lattice (q = 6) the coefficients up to C 6 are listed in Ref. [38] , while higher-order ones are obtained from Ref. [23] 1, −3, −11, These data imply that the positivity conjecture for the C k has to be restricted to bipartite lattices.
On a Bethe lattice 39,40 the entropy is given by Eq.(38) with C k = 1 for all k. Notice that on any lattice C k = 1 for k < r, where r is the length of the smallest nontrivial loop on the lattice, because the diagrams contributing to such C k can't tell the difference between the given lattice and a Bethe lattice of the same coordination number.
A stronger form of the positivity conjecture is that C k ≥ 1 for bipartite lattices.
C. Graphical expansion procedure for the Ising model
To make Section II more readable, we have confined into this subsection some technical details on the graphical procedures used in the computation of the Ising model HT expansions.
For simplicity, the whole graphical expansion procedure can be split into three steps. First, one has to list all graphs entering into the calculation up to the maximum order L max of expansion. To begin with, one forms the simple, topologically distinct, one-vertexirreducible graphs with l ≤ L max edges. One can further restrict to the subset of the bipartite graphs, since only these can be embedded onto the bipartite hsc or hbcc lattices. This is the only memory intensive part of the procedure, because there are many graphs 20, 21, 41 (approximately 3 · 10 5 graphs at order 20, and over 5 · 10 7 at order 24), but it took only a few hours. In a second step, the lattice embedding-numbers and the symmetry-numbers of these graphs are computed, one vertex of these graphs is "marked" in all possible ways and the graphs are "decorated" to have also multiple lines. This is the subset of the graphs from which the expansion of the magnetization can be reconstructed.
In the case of hsc lattices of high dimension, the most time-consuming part of this procedure is the computation of the embedding-number for each graph. In the case of the hbcc lattices the timings are much smaller than for the hsc lattices and very slowly dependent on d, but unfortunately the expansion coefficients are not polynomials in d. One begins by appropriately ordering the graph vertices, and then the first of them is placed at the lattice origin. The possible positions of the second vertex can be counted exploiting the symmetries of the hyper-cube. After fixing the first two points of the embedding, the possible positions of the remaining vertices are restricted to relatively few configurations by the constraints given by the distances from the first two points and the count can go on in a relatively easy way. On the hsc lattices, the timings for computing the magnetization expansion of the d-dimensional Ising model at order L max increase exponentially with the order of expansion and the lattice dimension d: roughly as O(5.5
Lmax 2.5 d ). In particular, the computation for the 10-dimensional Ising model at order 20 took 42 days of single-core time on a quad-core desktop computer with a CPU-clock frequency of 2.8GHz. Actually, less time was used since the calculation was appropriately distributed on the four cores of the computer. Using more extensive computer resources, it would be possible to compute only a few more orders, for not too high lattice dimensions.
The next step implements the algebraic "vertex-renormalization", namely the procedure of reconstruction 29 of the magnetization from the one-vertex-irreducible graphs having a single marked vertex. By integrating the magnetization exactly with respect to the field one finally obtains the free-energy in terms of the bare vertices (up to a standard constant of integration). This step of the calculation is based on codes written in the Python language and is fast. The free-energy thus computed is model independent: eventually one has to specialize the precise form of the bare vertex-functions to the particular model of interest.
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